The principles and results of the determination of the external gravity field of the Earth from the motions of artificial satellites are reviewed. Since the general ideas and results are by now widely understood, most attention will be given to problems that still remain in the theory and its application. These will include : the functional form in which the external potential is expressed; exact solutions in the theory of orbits; the statistical difficulties of deriving coefficients of spherical harmonic components of the field from observations of a restricted number of satellites; current estimates of the harmonic coefficients of the external field; the theory of the near field and comparisons between satellite results and surface measurements of gravity; and the bearing of the results on the physical state of the Earth's interior.
Introduction
It is now more than eight years since the observations of the first artificial satellites gave accurate indications of the ellipticity of the Earth, and in the intervening time it has become widely known that observations of artificial satellites give accurate and detailed information about the external gravity field of the Earth, so that most of this review can be devoted to a discussion of problems which are still outstanding. These are: the best way of describing the external field of the Earth, the numerical problems which arise in determining the field from the observed motions of artificial satellites, and the problem of making detailed comparisons between the field as derived from the motions of artificial satellites and that observed on the surface of the Earth. These problems do not, perhaps, affect the major results that have been obtained from observations of artificial satellites, for example the knowledge that we have of the flattening of the Earth, but the accuracy now obtainable in the observations of artificial satellites shows that the finer details of theory and of numerical determinations have to be considered. This is of especial importance perhaps in the study of the physics of the Earth's interior, for the knowledge that we can derive about that subject from the observed external potential comes mainly from the values of the harmonics of high order in the potential and it is the values of these harmonics which are particularly affected by the considerations just mentioned.
Description of the external field
The way in which a potential field is described is determined by the geometry of the surfaces on which boundary values of the potential or of its gradient are given.
To a first approximation the Earth is a sphere and the potential outside it can be expressed in terms of spherical harmonics which form a complete set of orthogonal 297 functions outside a spherical boundary*; artificial satellites move in the space in which spherical harmonics can be used to describe the potential of the Earth, so that it is natural that the theory of the motion of artificial satellites should be expressed in terms of spherical harmonics. However, there are theoretical difficulties in extending spherical harmonics down to the surface of the Earth because any sphere which contains the whole mass of the Earth lies to some extent outside the surface of the Earth, and if a smaller sphere is drawn within it the space outside the smaller sphere will contain some of the mass of the Earth and Laplace's equation will not be satisfied everywhere outside it. It is true, of course, that within the sphere which just includes the whole mass of the Earth it is still possible to express the field in free space around the Earth in a series of spherical harmonics. Let us call the sphere which just encloses the whole mass of the Earth the minimum sphere. Outside this sphere the potential may be expanded in a series of spherical harmonics that converges everywhere and which has, of course, the same coefficients of the harmonics at every point in space, but within the minimum sphere neither of these two properties necessarily holds.
The Earth is, however, more nearly a spheroid, and we can, instead of considering the boundary conditions as given on a sphere, consider them as given on a spheroid which just encloses the whole mass of the Earth. In that case, the proper geometry to use is that of spheroidal co-ordinates rather than spherical polar co-ordinates, and the potential can be expressed in spheroidal harmonics which form a complete orthogonal set on and outside that spheroid, the minimum spheroid, which just encloses the whole mass of the Earth. Spheroidal co-ordinates can be defined in terms of Cartesian co-ordinates:
The geometry of this co-ordinate system is as follows: the surfaces q = constant, are confocal spheroids, one of which (q =qo) is the minimum spheroid around the Earth; the surfaces v=constant are confocal hyperboloids of one sheet if the spheroids are, as in the case of the Earth, oblate; the surfaces 2=constant are meridional planes; v is the eccentric angle of a point on a meridional ellipse and A is the longitude; the parameter q labels the confocal spheroids and corresponds to the radius vector at large distances from the minimum spheroid. The major and minor axes of the minimum spheroid are respectively a = c coshq, and b = c sinh qo; the ellipticity E, (a-b)/a is related to qo as follows: coshqo=(e(2-&))-*. The metric for this geometry is
where h,2=h22=c' (sinh'q+cos' v),
The orthogonal solutions for Laplace's equation for the space external to the surface q=qo are Q, (i sinh q) P, (cos v) together with similar products involving the associated Legendre functions and the sines or cosines of multiples of A. The Legendre functions of the second kind are defined by
Theories of the figure of the Earth and of the external field are available in both spherical and spheroidal geometries, that is to say using both spherical and spheroidal harmonics. The purpose of a theory of the figure of the Earth is to give an account of the relations between the external potential, the shape of equipotential surfaces and the value of gravity upon such surfaces. The theory does not, therefore, apply to the highly irregular actual surface of the Earth, but it is possible to make corrections so that it applies with high accuracy to the sea level surface. It is worth pointing out the possibly curious fact that if the equipotential surfaces are supposed to be spheroids then, whether one works in spherical polar co-ordinates or in spheroidal co-ordinates, the same gravity formulae are obtained, at least to the order of the square of the flattening.
This very brief summary of the way in which it is usual to describe the external field leads to problems. The first is whether spherical or spheroidal harmonics are the best description of the external field when, for example, the requirements of numerical computation are considered; and, secondly, in what way should the near field, that is to say the field in the space within the minimum spheroid, be described ? The reason for raising the first question is that to give a complete description of the field a large number of spherical harmonic coefficients is required and these coefficients do not decay rapidly with the order of the harmonic. This gives rise to a numerical problem because, as will be seen, it is difficult to obtain sufficient observations to determine more than a few such coefficients. Some thought has, therefore, been given to finding a different description of the field which shall use fewer coefficients. One such description has been given in terms of the direction cosines of a point from the centre of the Earth; the expressions that are used are, however, none other than the expressions of the spherical harmonics in terms of Cartesian co-ordinates; the numbers of functions are somewhat reduced but the real problem is not tackled, namely that the gravity field of the Earth shows considerable variations with a wide range of wavelengths. This means that the description of the field at the height of a close satellite requires a minimum number of pieces of information. Such a number may be specified by deciding on the smallest area within which the known variation of gravity will have no effect on the satellite and then, with a knowledge of the correlation between gravity within areas of that size, estimating how many such areas are independent. Sufficient is known of the correlation between the mean values of gravity taken over areas of, say, lo" x lo" to be able to say that the number of independent parameters will be of the order of 50 rather than 5. The question of the description of the near field will be considered again in studying the relation between the potential as determined from satellite observations and that found from observations on the surface of the Earth.
Finally, it should be pointed out that the description in terms of spherical harmonics is related to the information which can be obtained about the internal distribution of density of the Earth. The coefficients of the spherical harmonics are integrals of the density, p , throughout the volume, T, of the Earth, such as fpr" P,(cose)A~, i: together with corresponding integrals for tesseral harmonic coefficients.
They are in fact multipole moments of the distribution of mass within the Earth and since the only data that can be derived from the observations of the potential are the coefficients of these harmonics or equivalent linear combinations of them, the only data which can be obtained about the internal mass distribution are the multipole moments.
Theory of the orbits of artificial satellites
So far as the study of the external gravitational field of the Earth is concerned, the purpose of the theory of satellite orbits is to relate the properties of the orbits to features of the gravitational field such as the coefficients in a description in terms of spherical harmonics. It must be emphasized that this is a somewhat restricted purpose and that the necessary theory is less comprehensive than one which aims to describe the position of a satellite at all subsequent times given suitable initial conditions at an initial time. In particular, it is usually supposed that the satellite is not subject to air resistance; the reason for this is that, as is well known, the effects of air resistance can be almost entirely separated from those of the perturbations of the gravitational field and, therefore, that the effects of air resistance and of the gravitational field can be considered separately to a very large extent. Since the field of the Earth is very nearly that of a point mass, that is to say the potential varies very nearly as the inverse of the radius vector, the orbits of artificial satellites are very nearly ellipses with one focus at the centre of mass of the Earth. Essentially, therefore, what is required is a perturbation theory that will relate the small departures of an orbit from an ellipse to the small departures of the potential from that of a point mass. Such solutions are based on exact solutions of the equations of motion in a suitable potential.
There are special circumstances in which exact solutions of the equations of motion of a particle in a potential field can be found. One such case is, as is obvious, that of an elliptical orbit about a point mass. The study of other possible solutions depends on the Hamilton-Jacobi equations. The motion of a particle is, in general, described by six co-ordinates, three of position and three of momentum, and we should like to find a solution in which five of these co-ordinates are constants of the motion and in which one is proportional to time. The Hamiltonian equations of motion show that this will be so if the Hamiltonian function expressed as a function of the desired co-ordinates, is constant. Now the transformation from one set of canonical coordinates to another can be expressed in terms of a transforming function S . Suppose, for example, that the co-ordinates that we choose initially are the spheroidal coordinates listed above; then the momentum conjugate to the variable q is given by p,,=aS/aq and the Hamiltonian function can be written as
where a1 is a constant and Vis the potential, here assumed to be symmetrical about the polar axis. This is the form of the Hamilton-Jacobi equation for spheroidal coordinates. It may be solved analytically if the transforming function S can be expressed as the sum of functions, each of which is the function of one co-ordinate separately, thus S=S,(q)+S2(v)+S3(A). It is possible to effect such a separation in suitable co-ordinate systems and for suitable forms of the potential. If we choose spherical polar co-ordinates then the potential which permits separation is V = -p / r while if we choose spheroidal co-ordinates the potential must be of the form
In the potential V = -p /~ the orbit is an ellipse and the constants which arise in integrating the Hamilton-Jacobi equation may be expressed in terms of the usual elements of an elliptical orbit. The conventional elements that describe an ellipse in space are: a the semi-major axis, e the eccentricity, i the inclination, o the longitude of perigee (measured from the ascending node), R the longitude of the ascending node measured from a suitable origin.
The position of the satellite in the orbit may be described in a variety of ways, for example by These elements are constant but are not convenient for use in Hamiltonian theory because they cannot be arranged as conjugate pairs of co-ordinate and momentum. Use is therefore made of the following conjugate pairs (Delaunay elements):
T the time of passge through perigee.
n is the mean motion,l is the mean anomaly, p = f M , where M is the mass of the primary, and f is the gravitational constant.
In the potential V = f("+g(v' the orbit is no longer an ellipse and the cosh'q -sin'v significance of the constants is more complex.
The Hamilton-Jacobi equation may be separated in all co-ordinate systems in which Laplace's equation is separable. There is, however, a further restriction on the potential if the solutions are to apply to an artificial satellite in free space, for the potential must then also satisfy Lapiace's equation. Thus it turns out that the potential can satisfy Laplace's equation in spheroidal co-ordinates if it is taken to be of the form
for this is equivalent to
which is known to be of a form which satisfies Laplace's equation. This potential was first introduced, and the Hamilton-Jacobi equation in spheroidal co-ordinates was first solved by Vinti (1959) . The form of the potential necessary for separation of the Hamilton-Jacobi equation in the more general ellipsoidal co-ordinates is not, however, a solution of Laplace's equation and so an analytical solution of the problem of a satellite orbit cannot be obtained in general ellipsoidal co-ordinates. It is not, of course, necessary that the potential should satisfy Laplace's equation for it to serve as the starting point of a perturbation calculation and in fact a theory has been given starting from a potential which does not quite satisfy Laplace's equation but which leads to orbits that are very similar to those actually observed (Garfinkel 1958) .
The value of the potential introduced by Vinti is that it contains two disposable constants that may be adjusted so that when rewritten in spherical harmonics, the zero order harmonic and the second order zonal harmonic match the actual harmonics for the Earth. Since these two are by far the largest terms in the potential of the Earth, the second zonal harmonic being about one thousand times greater than any higher harmonic, orbits given by Vinti's solution must be very close to actual orbits of artificial satellites.
The effects of all harmonics except those included in the exact solution must be determined by means of a perturbation calculation. The starting point for all such calculations is the equations of motion in Hamiltonian form:
F is the Hamiltonian, g is a co-ordinate, and G is a momentum co-ordinate. If the co-ordinates are constants of the motion for some exact solution that satisfies the
Hamilton-Jacobi equation we may write F = F , + F , where F , is part of the Hamiltonian which is independent of the co-ordinate G, while F , is the perturbing term; then g =aF,/aG=O in the unperturbed motion and, therefore, in the perturbed motion g=aF,/aC; there are six such equations for the six position and momentum coordinates. The effects of all harmonics except the second order zonal harmonic may be dealt with by first order perturbation theory. The Hamiltonian F , is expressed in terms of the momenta and co-ordinates, and it is supposed that these are independent of the perturbations when they appear on the right-hand side of the equations of motion. It is not, in fact, convenient to use the Hamiltionian equations directly because the algebra is somewhat less complicated if the equations are recast in the form of the Lagrangian equations of variation. The Lagrangian equations are written in terms of the conventional elements of an elliptic formula, that is a the semi-major axis, e the eccentricity, i the inclination, ----
Here R , the disturbing function, is the difference between the actual potential and Solutions of the Lagrangian equations have been very extensively developed by a number of authors and formulae are available for the effects of zonal harmonics in the potential up to order 16. Vinti has also developed a first order perturbation theory starting from his exact solution in spheroidal co-ordinates (Vinti 1963) .
In order to calculate the effect of the second zonal harmonic by a perturbation method starting from the Kepler ellipse, recourse must be had to a second order theory in which the variations of the elliptic elements are included on the right-hand side of the equations of motion in the expressions for the disturbing function; the -d r .
Downloaded from https://academic.oup.com/gji/article-abstract/13/1-3/297/920113 by guest on 11 December 2018 arithmetic then becomes very cumbersome and it is difficult to be sure that all terms have been included. The method introduced by von Zeipel is the most elegant way of attacking the second order problem.
The idea is to make a transformation from osculating elements, which contain terms with periods that are multiples of the period of the satellite in its orbit (short periods) and others that are multiples of the period of rotation of perigee (long periods), to other sets of canonical elements such that the Hamiltonian is independent of one or more of these transformed elements. Let L, G, H , 1, g, h be the ordinary Delaunay elements and L', G', H', l', g', h' a transformed set, and let S denote the corresponding transforming function. The Hamiltonian is already independent of h, the longitude of the node; we wish to find a transformation that eliminates dependence on 1, the mean anomaly.
Let So be the identical transformation:
as,
aL'
The Hamiltonian, F , being already independent of h,, we may write the relation between it and the transformed Hamiltonian F*, as The procedure may now be repeated to eliminate the dependence of the Hamiltonian on 9'. We derive a Hamiltonian that is a function only of the transformed momentum constants L", G", H " ; these are constants because
for example.
g, follow directly:
The rates of change of quantities such as the longitudes of the node h, and perigee, and so on.
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Brouwer has in this way developed a very detailed second order theory which Kozai extended to include terms proportional to.JZ3. An effectively complete first order theory is available for zonal harmonics, that is, the procedure for calculating the secular, long periodic and short periodic effects of these harmonics on all the osculating elements is known and explicit algebraic expressions are available for odd and even harmonics up to order 16. In addition, the second order effects of the second zonal harmonic, that is, terms proportional to J Z 2 , are known. The second order terms have been obtained in a variety of forms by different procedures and the results differ because slightly different parameters have been used to express them; it has been shown (Cook 1963 ) that most of the results for the secular changes are equivalent although, unfortunately, it has not so far been demonstrated that the secular changes given by Vinti's theory are equivalent to those given by theories using osculating elements. Some of the long-periodic results, but not all, have also been shown to be in agreement.
A fairly complete theory is also available for the short periodic terms arising from the tesseral harmonics. Such terms have arguments that are multiples of The present position of satellite theory may be summarized as follows.
(4 -Q>,
where #I is equal to the longitude of an observing site plus the sidereal time and Q is the longitude of the node of the satellite.
Thus the longitude of the observatory must be known to interpret the observation in terms of the coefficients of the tesseral harmonics.
Various special problems have also been considered, of which the most important is the behaviour of a satellite with a period commensurable with the rotational period of the Earth, a geostationary satellite, for example, or an 8-h satellite, such as are used in communications systems. In such cases, the tesseral harmonics in the Earth's potential may give rise to long-periodic perturbations (some of which may be secular if the commensurability is exact); these effects have been used to estimate tesseral harmonics (Cook 1961 , Morando 1962 , Allen 1965 .
Another special problem that has given rise to considerable discussion is that of the critical inclination. Certain terms in the equations of motion contain the factor (1 -5 cos' i ) as a divisor. This vanishes when i=63.4" and it is still not entirely clear how a satellite with this inclination would behave. It is probable that perigee would oscillate with a very long period either about one of the nodes (if J4/J22 < -1) or about a point of maximum latitude (if J4/JZ2 > -1). In Vinti's potential J4 = -fZ2, while the equality is very nearly satisfied for the actual Earth.
It is useful to observe that the type of orbital perturbation is related to the symmetry class of the harmonic producing it. Tesseral harmonics, with azimuthal variation, give rise to short periodic variations only, except in the case of commensurability, Even zonal harmonics (symmetrical about the equator) give secular changes of node and perigee and long periodic changes with arguments that are even multiples of the argument of perigee, while odd zonal harmonics (anti-symmetrical about the equator) give long periodic changes with arguments that are odd multiples of the argument of perigee. The three classes of harmonic can therefore be found separately: the even zonal harmonics can be found from the secular changes, the odd zonal harmonics from the variations, especially of e , i and o, that have the period of rotation of perigee, and tesseral harmonics from short periodic changes. Secular changes, especially of the node, are easy to determine with very high accuracy, and good accuracy is obtained in observing long periodic changes; observation of both secular and longperiodic changes are independent of the position of the observatory, but those of the short-periodic changes arising from tesseral harmonics are not and so these harmonics are much more difficult to determine since the values estimated from the orbital behaviour are correlated with the positions of the observatories, which are themselves uncertain.
Numerical results
The outstanding problem in deriving the Earth's potential from the behaviour of satellite orbits is that there are more harmonic coefficients to be found than there are distinct orbits from which they may be estimated. Consider the secular change of the longitude of the node, 6Q,, say; it is the sum of contributions from all the even harmonics:
(It is supposed that corrections have been applied to 6Q2, for the attractions of the Sun and the Moon, radiation pressure from the Sun, the term proportional to J22, and so on.) Similarly, for the argument of perigee, =bz J 2 + b4 5 4 + . . . + b2, J2, + . . . .
The coefficients a2,, b2,, are functions of the orbital parameters, especially of a, e and i, and there is one equation for the secular change of the node and one for perigee for each distinct orbit. Unfortunately, the number of distinct orbits is only about seven, because many satellites are launched with similar values of a, e and i. In fact, the range of a is small, while e also varies little and in any case has only a small effect on a2, or b2n; the main distinction between orbits thus lies in the angles of inclination, which are grouped in seven fairly narrow ranges. Thus only some seven distinct observation equations are obtained from nodal data and a further seven from perigee data; at the most, 14 coefficients J,,, could be determined, but it is found that the perigee data are somewhat less accurate than nodal data, and that they appear inconsistent with nodal data, and accordingly the J2, cannot really be estimated beyond the 14th. This would not matter if the products a,,, J,, turned out to be very small for 2n greater than say 10; for close satellites, with a semi-major axes of some 7000 km, the ratios a,,,/a, are still of the order of 1 at 2n= 12 while the ratios b,,/b, for perigee may exceed 1 in some circumstances, and the question is therefore whether the J,, decrease rapidly enough. J , is about 1083 x and all others out to J1, appear to lie between 1 and 0.1 x but the very indeterminacy of the problem of estimating the harmonic coefficients prevents a clear answer being given to the question. However, the coefficients a,,, b,,, which are proportional to (ae/a)'", a, being the equatorial radius of the Earth, do decrease rapidly with a if a exceeds 8000 km. There are not many suitable satellites with a of the order of 8000 km, but it was possible, in a preliminary study (Cook 1965 These are consistent with a number of other estimates (see Table 1 ). It does not seem possible at present to do more than estimate the orders of magnitude of higher harmonics, which appear to be about 0.2 x Some recent determinations are listed in Table 1 . The problem is much the same for the odd zonal harmonics; Table 2 contains some recent estimates. The conclusion that harmonics of the order of 10 to say 20, are all of order 0.1-0.5 x has some support from a comparison of the perigee data with the nodal data. It appears that they are often inconsistent in that, for example, harmonic coefficients determined from nodal data do not reproduce the behaviour of perigee; this could well be explained by neglected higher harmonics since, as pointed out above, higher harmonics can have a relatively greater influence on the behaviour of perigee (b,,/b,> 1) than on that of the node.
The same estimation problems arise in determining tesseral harmonics; in essence, a perturbation of given period arises from an infinite series of harmonics and at the most, a few of these of low order can be found explicitly while, for the rest, the most that can be done is to gain an idea of orders of magnitude.
Some recent estimates are given in Table 3 Our present knowledge of the harmonic coefficients may be summarized as follows. Reasonable values are available for harmonics up to n=6. Zonal and tesseral harmonics are probably of order 0.1 x out to n=20. There are still significant harmonics at n= 15 (these have been found from satellites having periods commensurable with the Earth's period of rotation).
The harmonic coefficients listed in Tables 1-3 relate to the potential in free space outside the minimum sphere. With an important assumption, the results may be expressed as a map; the assumption is that the field at the surface of the Earth may be described by the same coefficients. The validity of this assumption was questioned earlier and will be discussed in more detail below. But granting it, the potential may be calculated on the surface of the Earth (treated as a sphere to a sufficient approximation) and a map may then be drawn of the departure of the potential from that corresponding to the spheroid of revolution that best fits the data. It is convenient to express the results as contours on the equipotential surface to which the observed potential corresponds. The conversion formula is simply
where Sr is the difference between the radius vector of the actual equipotential surface and the best-fitting spheroid; l3V is the difference of potential; g,, is the mean value of gravity on the surface.
Such a contour map of the geoid is given, for example, in Guier & Newton (1965) .
The near gravity field and comparisons with surface measurements of gravity
Surface gravity measurements (gJ are made at points on the irregular surface of the Earth and there are three steps in reducing them to a form in which they may be compared. First, they are reduced to values at a common potential, conventionally taken to be the potential of the sea level surface. The quantity where 6V is the difference between the actual and the common potential and a, is the equatorial radius of the Earth, is known as the free-air value of gravity; values of gravity measured on the surface of the sea are already free-air values.
Secondly, a conventional value of gravity corresponding to a spheroidal equipotential surface is subtracted, giving free-air anomalies. This step removes the major variation from the equator to the poles as well as the main constant term.
Lastly, an assumption is made about the position to which the free-air anomalies should be referred. Implicitly, the assumption is that they are given on the surface of a sphere of radius a, since they are often expressed as terms of a surface harmonic expansion which, of course, applies over a spherical surface.
Of these three steps, the first is correct in the sense that outside the actual surface of the Earth the potential determined from the given values of gs and V on the actual surface is the same as that determined from the free-air anomalies on the equipotential at the common potential lying at a distance SV/g, below the actual surface. The second step is a purely conventional matter. The third step is the one that gives rise to difficulties; it will be considered further.
First, however, the harmonic coefficients of gravity found from satellite observations should be compared with those determined from measured gravity following the three steps as just set down. The comparison is very partial, for only few harmonics can be determined from surface gravity measurements. This is a matter of sampling: 75% of the Earth's surface is sea, over which gravity measurements are still very sparse and accordingly the data are insufficient and inadequately distributed for reliable estimates to be made of more than a very few surface harmonic components of free-air gravity. Some comparisons are listed in Table 4 . The agreement is poor and in particular the discrepancy between the values of J 2 is considerable. The data do not allow firm conclusions to be drawn as to the source of these discrepancies-they may be due entirely to sampling effects or there may be effects arising from the theoretical uncertainties of the third step. The question is whether the spherical harmonic expansion of the external field as derived from observations of artificial satellites, can be extended down to the surface of the Earth, so enabling the field and its gradient at the surface to be obtained directly from the harmonic coefficients found from the motions of satellites.
Consider a model Earth of which the sea-level surface is a sphere of radius ro (so that the description may be simplified by using spherical harmonics) and Iet the topography extend out to a slightly larger sphere, the limiting sphere, of radius rl . Outside r1 the potential may be expanded everywhere in a convergent series of spherical harmonics. Any concentric sphere of radius between ro and rl will lie partly in free space and partly within the matter of the topography. Any function that is piecewise continuous on such a sphere may be expanded as a series of surface harmonics on that sphere and thus, considering points in the free space between ro and r l , we can express the potential as a series of spherical harmonics, with termsf(r) X,,,(O,Cp) (Xn,, being a surface harmonic) but f ( r ) will not be just r-''-' or r" but a complex function of r which is, however, r-*-' for r > r l .
Let (r, O , A ) be the co-ordinates of the point at which we want the potential and let (r', W , A') be the co-ordinates of a current point. If D is the distance apart of the two points and if $ is the angle they subtend at the centre of the shell, and if p is the density at the current point, then the required potential is the integral being taken throughout the volume T of the shell.
If we now try to expand the reciprocal distance in spherical harmonics, we run into the difficulty that r is sometimes less than r' and sometimes greater, so that we must divide the domain of integration into two, Tl in which r > r' and T, in which r<r'. Then we have different expansions in the two regions: The integral j/drpr'"P,(cosO') in the expression for V, will be recognized as the multipole moment of the matter between the sphere of radius r and the sea level sphere. It will be denoted by pni(r). In a similar way the integral in the expression for V2 may be regarded as a multipole moment, only this time of the matter outside the intermediate sphere of radius r; let it be denoted by pne(r).
The potential at rl due to matter between ro and rI is f x pni(rI) rl-"-' P,(cOse) +. . . ;
this is the potential as estimated from satellite motions and from it the potential at radius r (between ro and rl) is inferred to be f x pni(r,) r-"-P,(cos e) + . . . .
The error in this inference is
The term in the brackets reduces to which is of order Jn3 showing that the potential on the surface of the Earth may, near enough, be correctly inferred from that determined from satellites and hence that the 'satellite geoid' is a close enough approximation to the true geoid. However, the same inference cannot be made about the surface values of gravity. The problem is still, I believe, unsolved. The mathematical difficulty lies in differentiating the potential in the space between ro and r, at the surface of the topography. Suppose this to be accomplished, the free-air anomaly would be calculated from the expression av 2v -+ -ar r and compared with the value of gravity at ro inferred from the satellite observations.
It seems likely that the discrepancy so calculated is of the order of Jzz.
Applications
The traditional applications of a knowledge of the gravity field of the Earth have been to geodesy and the physics of the interior of the Earth. But just as all the new information about the field has come from direct observations of the potential in free space, so there have been new applications in the same region; thus the planning of orbits of geostationary satellites requires a knowledge of the potential in some detail.
The secular motions of the node and perigee of the Moon's orbit depend mainly on the attraction of the Sun, but there are small terms proportional to the second zonal harmonics in the potential of the Earth and the Moon. With that of the Earth now known with high accuracy, it is possible to estimate that of the Moon. Combining it with estimates of the ratios of the moments of inertia derived from Iibrations, the principal moments of intertia may be calculated. It is found that the ratio (Z/Ma') for the Moon is greater than that for a uniform sphere, implying, apparently, that the Moon is denser towards the surface, a curious result which seems to throw doubt on our knowledge of the secular changes in the orbit or of the librations. The effect of the Sun on the former has recently been recalculated by Eckert (1965), leading to a discrepancy which is, if anything, worse than before, and it must be supposed that the librations are in error. It may be that in a few years, direct observations of the motions of points on the Moon's surface by laser measurements from the Earth will elucidate the matter; in addition, satellites in orbit around the Moon may help to check the zonal harmonics in the Moon's potential.
The present detailed knowledge of the potential enables a number of inferences to be drawn about the internal structure of the Earth. In the first place, by combining Jz, which is proportional to the difference of the principal moments of inertia, ( C -A)/Mae2 with the precessional constant, which is proportional to (C -A)/C, both C/Mae2 and A / M a 2 may be calculated. The results tell us that the Earth is strongly condensed towards the centre and they limit the density distributions inferred from seismological data. The lower harmonics, out to n = 12 or 13, could be due to density irregularities at the boundary of or within the core but the harmonics of higher order can arise only from density irregularities within the mantle. At the same time, the observed harmonics show no correlation with topography. They do show a moderately close correlation with heat flow and since the scale of heat flow irregularities seems to require sources in the upper part of the mantle it may be reasonable to infer that the density irregularities are also to be found there.
c0nc1usi0n
A fairly elementary development of satellite theory combined with simple observations of the early satellites enabled the first few zonal harmonics in the potential to be estimated. This was a great advance upon the knowledge of the external field obtained up till then from surface gravity measurements. With more satellites observed, the difficulties of estimating higher harmonics have become apparent. At the same time, with more complex theory, more elaborate observations and commensurable satellites tesseral harmonics have been estimated. Estimates of zonal and tesseral harmonics alike indicate that they remain of the order of 0-1 x out to n=20 or so. This is important for the study of the interior of the Earth for it may be shown that no observable harmonics beyond n = 13 or so could arise from irregularities of density at the depth of the boundary of the core. The evidence is fairly clear, therefore, that there are appreciable mass irregularities within the mantle of the Earth.
